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The phenomenological parametrizations of dark-energy (DE) equation of state can be very helpful,
since they allow for the investigation of its cosmological behavior despite the fact that its under-
lying theory is unknown. However, although there has been a large amount of research on DE
parametrizations which involve two or more free parameters, the one-parameter parametrizations
seem to be underestimated. We perform a detailed observational confrontation of five one-parameter
DE models, with observational data from cosmic microwave background (CMB), Joint light-curve
analysis sample from Supernovae Type Ia observations (JLA), baryon acoustic oscillations (BAO)
distance measurements, and cosmic chronometers (CC). We find that all models favor a phantom
DE equation of state at present time, while they lead to H0 values in perfect agreement with its
direct measurements and therefore they offer an alleviation to the H0-tension. Finally, perform-
ing a Bayesian analysis we show that although ΛCDM cosmology is still favored, one-parameter
DE models have similar or better efficiency in fitting the data comparing to two-parameter DE
parametrizations, and thus they deserve a thorough investigation.
PACS numbers: 98.80.-k, 95.36.+x, 98.80.Es
I. INTRODUCTION
The remarkable journey of modern cosmology started in 1998, when the observational evidences showed that we are
living in an accelerating universe and that the previous physical scenarios needed to be retraced. The introduction
of dark energy (DE) concept was a need in order for the observational predictions to acquire a solid theoretical
formulation. The dark energy is a component with high negative pressure that drives the universe acceleration,
nevertheless its nature has remained a mysterious chapter in the scientific history after a series of investigations by
a large number of researchers. The cosmological constant is the simplest DE fluid with the above features, however
the “cosmological constant problem” [1] and the possibility that the DE sector could be dynamical led to a number
of explanations, mainly in two directions. The first is to consider that the DE sector corresponds to a peculiar extra
fluid that fills the universe in the framework of general relativity [2, 3]. The second direction is to consider that the
DE fluid is an effective one, arising from a modification of the gravitational sector itself [4, 5, 6].
Independently of the underlying nature and the micro-physical theory of DE, one can introduce phenomenological
parametrizations of the DE equation-of-state parameter wx = px/ρx, where px and ρx are respectively the pressure
and energy density of the (effective) DE perfect fluid, which is considered to have a dynamical character in general.
Since for the moment we do not have any fundamental rule in favor of some specific equation-of-state parameters, we
may consider various functional forms for wx. For a literature survey of various DE parametrizations and models we
refer to the works [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33,
34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44].
In general, the well known DE parametrizations have two free parameters, usually denoted by w0waCDM models,
where w0 marks the present value of wx and wa characterizes the dynamical nature of the DE sector. However, apart
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2from the w0waCDM parametrizations, one-parameter dynamical DE parametrizations, as well as models with more
than two parameters, have also been introduced and investigated in the last years. Nevertheless, the one-parameter
dynamical DE parametrizations are much neglected in the literature compared to the DE parametrizations having
two or more parameters. In principle we do not find any strong reason behind this underestimation, and thus in this
work we aim to investigate the features of this particular class of DE parametrizations, and explore its cosmological
viabilities with the recent observational evidences, taking into account their advantage that they are more economical
and have less number of free parameters compared to other dark energy models with two or more than two free
parameters.
Hence, we introduce various one-parameter dynamical DE parametrizations that are primarily motivated from
the phenomenological ground, and we perform a detailed observational confrontation. In particular, we use data
from cosmic microwave background (CMB) observations, from Joint light-curve analysis sample from Supernovae
Type Ia observations (JLA), from baryon acoustic oscillations (BAO) distance measurements, as well as from cosmic
chronometers Hubble parameter measurements (CC), performing additionally various combined analyses.
The manuscript is organized as follows. In Section II we present the basic equations for a general dark-energy
scenario at both the background and perturbation level, and we display the five one-parameter DE parametrizations
that are going to be investigated. In Section III we describe the observational data sets that will be used. In Section
IV we perform the observational confrontation, extracting the observational constraints on the various cosmological
quantities. After that in Section V we compare the present dynamical DE parametrizations mainly through the
Bayesian analysis. Finally, we close the present work in Section VI with a brief summary.
II. ONE-PARAMETER PARAMETRIZATIONS AT BACKGROUND AND PERTURBATION LEVELS
In this section we present the basic equations that determine the universe evolution at both the background and
perturbation levels, and we introduce various one-parameter parametrizations for the dark-energy equation-of-state
parameter. Throughout the work we consider the homogeneous and isotropic Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) geometry, with metric
ds2 = −dt2 + a2(t)
[
dr2
1−Kr2 + r
2
(
dθ2 + sin2 θdφ2
)]
, (1)
where a(t) is the scale factor and K determines the spatial curvature, with values 0, −1 and +1 corresponding to
spatially flat, open and closed universe, respectively.
We consider a universe filled with radiation, baryons and cold dark matter, and we additionally consider the DE
fluid. In this case the Friedmann equations, that determine the universe evolution at the background level, read as
H2 +
K
a2
=
8piG
3
ρtot, (2)
2H˙ + 3H2 +
K
a2
= −8piGptot, (3)
with G the Newton’s constant and H = a˙/a the Hubble function of the FLRW universe, with dots denoting derivatives
with respect to cosmic time. In the above expressions we have introduced the total energy density and pressure as
ρtot = ρr + ρb + ρc + ρx and ptot = pr + pb + pc + px respectively, with the symbols r, b, c, x denoting radiation,
baryon, cold dark matter and dark energy fluids. Finally, for simplicity in the following we will focus on the spatially
flat case (K = 0) since it is favored by observations.
As usual we assume that the above sectors do not have any mutual interaction, and thus the conservation equation
of each fluid is
ρ˙i + 3H(1 + wi)ρi = 0, (4)
where i ∈ {r, b, c, x} and pi = wiρi, wi being the barotropic state parameter for the i-th fluid. Note that out of
equations (2), (3) and (4), only two are independent. Hence, using the known equation-of-state parameters wr = 1/3,
wb = wc = 0, in (4) one can explicitly write down the conservation equations for radiation, baryons and cold dark
matter respectively as, ρr = ρr0 a
−4, ρb = ρb0 a−3 and ρc = ρc0 a−3, with ρi0 the present value of ρi and where we
have set the present scale factor a0 to 1. Similarly, concerning the dark energy sector, equation (4) leads to
ρx = ρx,0
(
a
a0
)−3
exp
[
−3
∫ a
a0
wx (a
′)
a′
da′
]
. (5)
3Thus, the evolution equation (5) implies that the dynamics of DE can be determined as long as a specific parametriza-
tion of the DE equation of state is given.
Having presented the equations that determine the universe evolution at the background level, we now proceed to
the investigation of its evolution at the perturbation level, since this is related to the observed structure formation. In
order to study the perturbation equations, one needs to consider the perturbed FLRW metric either in synchronous
or in conformal Newtonian gauge. In the following we consider the former choice, in which the perturbed metric takes
the form
ds2 = a2(η)
[−dη2 + (δij + hij)dxidxj] , (6)
where η is the conformal time, and δij , hij are respectively the unperturbed and the perturbed metric tensors. Now,
in the synchronous gauge the conservation equations of energy and momentum for the i-th component of the fluid for
a mode with wavenumber k can be written as [45, 46, 47]:
δ′i = −(1 + wi)
(
θi +
h′
2
)
− 3H
(
δpi
δρi
− wi
)
δi − 9H2
(
δpi
δρi
− c2a,i
)
(1 + wi)
θi
k2
, (7)
θ′i = −H
(
1− 3δpi
δρi
)
θi +
δpi/δρi
1 + wi
k2 δi − k2σi, (8)
where primes mark derivatives with respect to conformal time and H = a′/a is the conformal Hubble parameter.
Furthermore, δi = δρi/ρi is the density perturbation for the i-th fluid, θi ≡ ikjvj denotes the divergence of the i-th
fluid velocity, h = hjj stands for the trace of the metric perturbations hij , and σi is the anisotropic stress related to
the i-th fluid. Finally, the quantity c2a,i = p˙i/ρ˙i denotes the adiabatic speed of sound of the i-th fluid, and it is given
by c2a,i = wi − w
′
i
3H(1+wi) in the case where we set the sound speed c
2
s = δpi/δρi to 1. In the following analysis we
neglect the anisotropic stress for simplicity.
In this work we are interested in investigating one-parameter DE equation-of-state parametrizations. In particular,
we consider five such parametrizations given by:
Model I : wx(a) = w0 exp(a− 1), (9)
Model II : wx(a) = w0a[1− log(a)], (10)
Model III : wx(a) = w0a exp(1− a), (11)
Model IV : wx(a) = w0a[1 + sin(1− a)], (12)
Model V : wx(a) = w0a[1 + arcsin(1− a)], (13)
where w0 is the only free parameter, corresponding to the dark energy equation-of-state parameter at present. In
order to provide a more transparent picture of the behavior of the above parametrizations, in Fig. 1 we depict wx(a),
taking two cases for w0, namely one lying in the quintessence and one lying in the phantom regime. As we can see,
in all models wx(a) presents a decreasing behavior.
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FIG. 1: The evolution of the one-parameter dynamical DE equation-of-state parametrizations (9)-(13) as a function of the scale
factor, for w0 = −0.9 (left graph) and w0 = −1.2 (right graph).
4III. OBSERVATIONAL DATA
In this section we proceed to a detailed observational confrontation of the one-parameter dynamical DE equation-
of-state parametrizations (9)-(13) presented in the previous section. We analyze several combinations of cosmological
data, by considering the six cosmological parameters of the standard ΛCDM paradigm: the baryon and the cold dark
matter energy densities Ωbh
2 and Ωch
2, the ratio between the sound horizon and the angular diameter distance at
decoupling Θs, the reionization optical depth τ , and the spectral index and the amplitude of the scalar primordial
power spectrum nS and AS. Moreover, for the various models we add the free parameter w0, which parametrizes
the DE evolution. All these 7 free parameters are explored within the range of the conservative flat priors listed in
Table I.
Parameter prior
Ωbh
2 [0.013, 0.033]
Ωch
2 [0.001, 0.99]
Θs [0.5, 10]
τ [0.01, 0.8]
nS [0.7, 1.3]
logA [1.7, 5.0]
w0 [−2, 0]
TABLE I: Summary of the flat priors on the cosmological parameters assumed in this work, for the different DE parametrizations
(9)-(13).
We derive the bounds on the cosmological parameters by analyzing the full range of the 2015 Planck temperature
and polarization cosmic microwave background (CMB) angular power spectra, and we call this combination “CMB”
[48, 49]. Additionally, we consider the Joint light-curve analysis sample from Supernovae Type Ia and we refer to this
dataset as “JLA” [50]. Furthermore, we add the baryon acoustic oscillations (BAO) distance measurements, and we
call them “BAO” [51, 52, 53]. Finally, we use the Hubble parameter measurements from the cosmic chronometers
(CC) and we refer to them as “CC” [54].
In order to analyze statistically the several combinations of datasets, exploring the different dynamical DE scenarios,
we use our modified version of the publicly available Monte-Carlo Markov Chain package Cosmomc [55], including the
support for the Planck data release 2015 Likelihood Code [49]1. This has a convergence diagnostic based on the
Gelman and Rubin statistic and implements an efficient sampling of the posterior distribution using the fast/slow
parameter de-correlations [56].
IV. RESULTS
In this section we present the observational constraints and their implications for all the one-parameter DE
parametrizations (9)-(13). All models are confronted initially with CMB data alone, and then with different
combinations of cosmological data. In the Appendix we show all Tables containing the constraints on the model
parameters for all observational datasets used in this work. Additionally, in Fig. 2 we concisely display the constraints
on the present value of the dark energy equation of state w0, for all models, considering all observational datasets.
In the following we investigate the one parameter DE models in detail, presenting their observational consequences.
We start by investigating Model I of (9), namely wx(a) = w0 exp(a− 1). In Fig. 3 we can see the effects of different
w0 values on the temperature and matter power spectra. The results of the observational analysis of this model can
be seen in Table IV of the Appendix, where we display the 68% and 95% confidence level (CL) constraints for various
quantities while the full contour plots are presented in Fig. 4.
As we observe from Table IV (see Appendix), the CMB data alone allow a very large value of the Hubble constant
at present and moreover its error bars are significantly large: H0 = 74
+11
−7 at 68% CL (H0 = 74
+14
−15 at 95% CL). The
constraint on H0 is actually very close to its local measurements [57], recently confirmed by [58] and [59].
1 See http://cosmologist.info/cosmomc/
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FIG. 2: Whisker graph with the 68% CL (solid line) and 95% CL (dashed line) regions for the free model parameter w0 of the
DE parametrizations (9)-(13), for the combination of datasets considered in this work.
From the Table IV we see that the present value of the DE equation-of-state parameter for CMB alone is found to
prefer a phantom dark energy scenario, namely w0 < −1, at more than 95% CL. Consequently, the matter density
parameter decreases and acquires a very low value (Ωm0 = 0.268
+0.038
−0.081 at 68% CL). However, since these Ωm0 and
σ8 are anti-correlated, while σ8 is positively correlated with H0 (see Fig. 4), hence, this does not correspond to the
alleviation of the S8 = σ8
√
Ωm0/0.3 tension of Planck’s indirect estimation with its direct measurements from cosmic
shear experiments like the Canada France Hawaii Lensing Survey (CFHTLenS) [60, 61], the Kilo Degree Survey of 450
deg2 of imaging data (KiDS-450) [62], and the Dark Energy Survey (DES) [63].
When the BAO data are added to CMB, the constraints on the model parameters are significantly improved and
the error bars on most of the parameters, in particular w0, Ωm0, σ8 and H0, are decreased. The mean value of the
Hubble constant slightly shifts towards a lower value, and the DE equation of state at present, w0, moves towards a
smaller one (w0 = −1.48±0.10 at 68% CL) comparing to its estimation from CMB alone (w0 < −1.45 at 68% CL). As
one can see, the CMB+BAO data also assure the validity of w0 < −1 at more than 99% CL. The interesting output
of this analysis is that the constraint on H0 is again found to be very close to its estimation by local measurements
[57].
The addition of JLA to the former data set combination (i.e., CMB+BAO) further improves the cosmological
constraints, as one can clearly see from Table IV (see Appendix). In particular, we see that H0 again shifts down and
w0 up, with decreasing error bars. An analogous improvement of the bounds can be seen for Ωm0 and σ8. Although
the estimation of H0 from this analysis decreases in comparison to the previous results of CMB and CMB+BAO,
within 95% CL, it can still match the direct estimation [57]. Furthermore, the DE equation of state at present is
again found to be in phantom regime.
We close the analysis by adding the CC dataset, nevertheless the results for the data combination
CMB+BAO+JLA+CC do not exhibit significant differences from the previous case CMB+BAO+JLA.
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FIG. 3: The CMB TT spectra (left graph) and the matter power spectra (right graph), for Model I of (9), namely wx(a) =
w0 exp(a− 1), for various values of the free model parameter w0.
In summary, the observational analysis for Model I shows that w0 < −1 at more than 95% CL for CMB only, while
the tension on H0 seems to be alleviated. The addition of JLA shifts H0 towards lower values, but still in agreement
within 2σ with [57], while the addition of CC does not affect the results significantly. The contour plot in the w0−H0
plane can be seen in lower left graph of Fig. 4. The preference for a phantom DE equation of state is due to the better
fit of the large scales of the temperature power spectrum, that prefers a lower quadrupole with respect to the ΛCDM
scenario, as can be clearly seen in Fig. 5.
Finally, comparing the results obtained for Model I with the constraints released by the Planck collaboration
[64] for the wCDM or w0waCDM models, we can notice that for Model I using only CMB data the H0 value is
well constrained by the data and is close to its directly measured value [57], while it has a slightly lower limit for
the Planck’s extended scenario (that means the w0waCDM scenario). On the other hand, when adding the BAO
data, the H0 value is still high and in agreement with [57], while in the Planck case the Hubble constant decreases
leading to the aforementioned tension. In this context we refer to a recent work [65] discussing the tensions in the
cosmological parameters from various observational data and some possible explanations.
We now investigate Model II of (10), namely wx(a) = w0a[1− log(a)]. In Table V of the Appendix we summarize
the observational constraints arising from various data combinations. We do not explicitly present the corresponding
contour plots since they are similar to the ones of Model I.
Comparing the results with those of Model I above, we can see that for Model II considering the CMB data alone,
H0 acquires higher values (H0 = 81
+12
−9 at 68% CL) and w0 indicates a strong evidence for a phantom equation of
state which remains at more than 95% CL. Moreover, similarly to Model I, for Model II we also observe that the
combinations CMB+BAO, CMB+BAO+JLA and CMB+BAO+JLA+CC significantly improve the constraints and
reduce the error bars on the parameters. In particular, the H0 mean value shifts towards lower values and we find
w0 < −1 at more than 95% CL for all data combinations. Note that from Table V (see Appendix) we see that
for the data set CMB+BAO the estimated value of H0 is in agreement within 1 standard deviation with the local
estimation of [57] and thus the H0-tension is alleviated (H0 is higher than the one estimated by Planck 2015 [66]
for the base ΛCDM scenario, and it is in perfect agreement to [57]). Additionally, for the last two combinations
CMB+BAO+JLA and CMB+BAO+JLA+CC we observe that while the Hubble constant is always in agreement
within 2σ with [57], in contrast to Model I w0 prefers a lower phantom mean value, but still with high significance.
Finally, similar to the previous model, the σ8 tension is not reconciled.
We proceed to the investigation of Model III of (11), namely wx(a) = w0a exp(1−a). Using the same observational
datasets, in Table VI of the Appendix we summarize the observational constraints on this model.
As we can see, for the CMB data alone the Hubble parameter acquires an even larger mean value in comparison
to the previous models, while the DE equation-of-state parameter at present obtains a smaller value, namely
w0 = −1.63+0.38−0.37 at 95% CL. Similarly to the previous model, we find that the inclusion of any external data
set, namely BAO, JLA or CC, to CMB significantly improves the constraints, and w0 < −1 is still valid up to
95% CL. For the combination of CMB+BAO data we see that the estimated value of H0 = 71.4
+1.4
−1.6 (at 68%
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FIG. 4: The 2D contour plots for several combinations of various quantities for Model I of (9), namely wx(a) = w0 exp(a− 1),
and the corresponding 1D posterior distributions.
CL) is perfectly in agreement to its local estimation of [57], alleviating the H0-tension. Moreover, concerning
w0 we can note that it is constrained to be w0 = −1.239+0.060−0.049 (at 68% CL) which is phantom at more than
3σ. The addition of JLA to CMB+BAO decreases the error bars on H0, Ωm0 and σ8, while within 95% CL
this model seems to alleviate the tension on H0. Finally, the combination CMB+BAO+JLA+CC does not of-
fer any notable differences compared to the analysis with CMB+BAO+JLA, and thus similar conclusions are achieved.
We investigate Model IV of (12), namely wx(a) = w0a[1 + sin(1− a)]. In Table VII of the Appendix we summarize
the observational constraints arising from various data combinations.
As we see, the estimations of the Hubble parameter for all the dataset combinations are shifted towards higher
values than ΛCDM. For the CMB data only, H0 acquires values comparable with Model III, i.e. H0 = 84.3
+9.9
−6.5 at
68% CL. As before, the inclusion of any external data set significantly improves the constraints on the cosmological
parameters, decreasing the error bars. A common feature for all the analyses is that w0 remains in the phantom
regime at more than 95% CL. Furthermore, for this model the CMB+BAO+JLA and CMB+BAO+JLA+CC data
combinations favor a phantom DE equation of state at many standard deviations. Additionally, it is clearly seen
that the H0-tension is alleviated for all the combinations considered, apart from the CMB data alone which predict
a quite high H0 value.
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FIG. 5: Comparison between the best fit for the ΛCDM paradigm and for the Model I of (9), namely wx(a) = w0 exp(a − 1).
While the curves are almost indistinguishable in the high multipole range, at large scales Model I can better recover the lower
quadrupole of the data.
We close our analysis with the investigation of Model V of (13), namely wx(a) = w0a[1 + arcsin(1 − a)]. In a
similar fashion, using the same observational datasets, in Table VIII of the Appendix we summarize the observational
constraints on this model.
As we observe, we can clearly notice that this model maintains a similar trend compared to the previous four
dynamical DE models. The present value of the DE equation-of-state parameter is constrained in the phantom
regime up to 99% CL. The Hubble parameter acquires a very large value for the CMB data only (H0 = 82.9
+12
−7.0
at 68% CL) with large error bars, however for the other data combinations H0 and its errors bars decrease, and it
becomes clear that the H0-tension can be alleviated.
V. MODEL COMPARISON AND THE BAYESIAN EVIDENCE
In the previous section we present the observational analysis and we extracted the constraints on various cosmological
parameters of the five examined models. Concerning the dark energy equation of state at present, w0, we have already
presented its constraints at 68% and 95% CL through the Whisker graph in Fig. 2 for all the one parameter DE models
as well as considering all the observational datasets employed in this work. As we mentioned above, we observe that in
all models a phantom DE equation-of-state parameter at current time is favored. Moreover, from Fig. 2 we may also
note that the extracted w0 for Model II and III using the common datasets, namely, CMB+BAO, CMB+BAO+JLA
and CMB+BAO+JLA+CC, are relatively close to the cosmological constant boundary w0 = −1, compared to other
three models. Additionally, in order to present in a more transparent way the alleviation of the H0-tension, in Fig. 6
we summarize the contour plots in the w0 −H0 plane for all the examined models. From the figure one can notice
that the parameters H0 and w0 are correlated to each other.
The question that arises naturally is which of the five models exhibits a better behavior, and moreover how efficient
are they comparing to standard ΛCDM cosmology. Hence, we close our work with examining the Bayesian evidence
of each of the five models analyzed above, compared to the reference ΛCDM cosmological scenario. The Bayesian
evidence plays a crucial role in determining the observational support of any cosmological model. The involved
calculation is performed through the publicly available code MCEvidence [67, 68]2. We mention that MCEvidence
needs only the MCMC chains that are used to extract the parameters of the models.
In Bayesian analysis one needs to evaluate the posterior probability of the model parameters θ, given a particular
2 See github.com/yabebalFantaye/MCEvidence.
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FIG. 6: Contour plots at the 68% and 95% CL on the w0−H0 plane for the five models of one-parameter DE parametrizations
(9)-(13), for various combinations of datasets. The gray horizontal band is the 68% CL Hubble parameter value corresponding
to the direct measurement of [57], while the dotted vertical line marks the cosmological constant value w0 = −1.
observational dataset x with any prior information for a model M . Using the Bayes theorem one can write
p(θ|x,M) = p(x|θ,M)pi(θ|M)
p(x|M) , (14)
where the quantity p(x|θ,M) refers to the likelihood as a function of θ with pi(θ|M) the prior information. The quantity
p(x|M) that appears in the denominator of (14) is known as the Bayesian evidence used for the model comparison. Let
us note that this Bayesian evidence is the integral over the non-normalized posterior p˜(θ|x,M) ≡ p(x|θ,M)pi(θ|M),
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given by
E ≡ p(x|M) =
∫
dθ p(x|θ,M)pi(θ|M). (15)
Now, for any cosmological model Mi and the reference model Mj (the reference model is the one with respect to
which we compare the observational viability), the posterior probability is given by the following law:
p(Mi|x)
p(Mj |x) =
pi(Mi)
pi(Mj)
p(x|Mi)
p(x|Mj) =
pi(Mi)
pi(Mj)
Bij , (16)
where the quantity Bij =
p(x|Mi)
p(x|Mj) is the Bayes factor of the model Mi with respect to the reference model Mj .
Depending on different values of Bij (or equivalently lnBij) we quantify the observational support of the model Mi
over the model Mj . Here we use the widely accepted Jeffreys scales [69] shown in Table II, which imply that for
Bij > 1 the observational data support model Mi more strongly than model Mj . The negative values of lnBij reverse
the conclusion, that is the reference model Mj is preferred over Mi.
lnBij Strength of evidence for model Mi
0 ≤ lnBij < 1 Weak
1 ≤ lnBij < 3 Definite/Positive
3 ≤ lnBij < 5 Strong
lnBij ≥ 5 Very strong
TABLE II: Revised Jeffreys scale used to quantify the observational support of model Mi with respect to the reference model
Mj [69].
In Table III we present the values of lnBij calculated for the five one-parameter DE models (9)-(13) analyzed
in the previous section, for various observational datasets, compared to the reference ΛCDM scenario. From the
values of lnBij we can see that Model II and Model III present a better behavior than the other three analyzed
models. However, comparing to all models the reference ΛCDM scenario is favored. Nevertheless, we mention here
that, interestingly enough, the one-parameter DE parametrizations considered in the present work seem to behave
similarly or be less disfavored with respect to ΛCDM scenario comparing with two-parameter DE parametrizations
[26, 27, 42, 43]. This is an indication that one-parameter DE models can indeed be efficient in describing the universe
evolution.
VI. SUMMARY AND CONCLUSIONS
The phenomenological parametrizations of DE equation of state can be very helpful for the investigation of DE
features, since they are of general validity and can describe the DE sector independently of whether it is an extra
peculiar fluid in the framework of general relativity or it is effectively of gravitational origin. However, although
in the literature there has been a large amount of research on DE parametrizations which involve two or more free
parameters, the one-parameter parametrizations seem to be underestimated.
In this work we performed a detailed observational confrontation of several one-parameter DE parametrizations, with
various combination datasets. In particular, we used data from cosmic microwave background (CMB) observations,
from Joint light-curve analysis sample from Supernovae Type Ia observations (JLA), from baryon acoustic oscillations
(BAO) distance measurements, as well as from cosmic chronometers Hubble parameter measurements (CC), and we
additionally performed various combined analyses.
Our analyses revealed that all the examined one-parameter dynamical DE models favor a phantom DE equation-
of-state at present time w0, and this remains valid at more than 95% CL, confirming the result obtained in various
other works in different contexts [34, 36, 70, 71, 72, 73, 74, 75, 76]. The inclusion of any external dataset to CMB
improves the fitting and decreases the errors significantly without any change in the conclusion. Concerning the
present value of the Hubble parameter H0, we found that the CMB data alone leads to large error bars, however
the inclusion of other datasets decreases them significantly, with the favored H0 value being in perfect agreement
with its direct measurements. Hence, we deduce that one-parameter DE models can provide a solution to the known
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Dataset Model lnBij Strength of evidence for reference ΛCDM scenario
CMB Model I −1.9 Definite/Positive
CMB+BAO Model I −2.9 Definite/Positive
CMB+BAO+JLA Model I −6.0 Very Strong
CMB+BAO+JLA+CC Model I −5.2 Very Strong
CMB Model II −1.7 Definite/Positive
CMB+BAO Model II −2.3 Definite/Positive
CMB+BAO+JLA Model II −3.1 Strong
CMB+BAO+JLA+CC Model II −3.0 Strong
CMB Model III −1.6 Definite/Positive
CMB+BAO Model III −2.6 Definite/Positive
CMB+BAO+JLA Model III −4.2 Strong
CMB+BAO+JLA+CC Model III −3.9 Strong
CMB Model IV −2.1 Definite/Positive
CMB+BAO Model IV −3.7 Strong
CMB+BAO+JLA Model IV −6.9 Very Strong
CMB+BAO+JLA+CC Model IV −7.2 Very Strong
CMB Model V −2.8 Definite/Positive
CMB+BAO Model V −2.9 Definite/Positive
CMB+BAO+JLA Model V −5.8 Very Strong
CMB+BAO+JLA+CC Model V −5.3 Very Strong
TABLE III: Summary of the Bayes factors values lnBij calculated for the five one-parameter DE models (9)-(13), with respect
to the reference ΛCDM scenario. The negative sign indicates that the reference scenario is preferred over the fitted models.
H0-tension between local measurements and Planck indirect ones. This is one of the main results of the present work.
Nevertheless, the possible σ8-tension does not seem to be reconciled, since in all models the favored σ8 value is similar
to the Planck’s estimated one.
Lastly, in order to examine which of the five models is better fitted to the data, as well as in order to compare
them with the standard ΛCDM cosmological scenario, we compute their Bayesian evidences using the MCEvidence
(summarized in Table III). As we saw Model II and Model III are relatively close to ΛCDM (this can also be viewed
from the Whisker graph in Fig. 2 where w0 for Model II and Model III are relatively close to w0 = −1 compared to
other models). However, the reference ΛCDM scenario is still favored compared to all one parameter dynamical DE
models. Nevertheless, these one-parameter DE models have similar or better efficiency in fitting the data comparing
with the two-parameter DE parametrizations analyzed in the literature, taking into account their advantage that
they are more economical and have one free parameter less. This is an indication that one-parameter DE models can
indeed be efficient in describing the universe evolution, and thus they deserve a thorough investigation.
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Parameters CMB CMB+BAO CMB+BAO+JLA CMB+BAO+JLA+CC
Ωch
2 0.1200+0.0015+0.0028−0.0015−0.0029 0.1182
+0.0014+0.0025
−0.0014−0.0027 0.1172
+0.0012+0.0023
−0.0012−0.0023 0.1174
+0.0012+0.0024
−0.0012−0.0023
Ωbh
2 0.02218+0.00016+0.00032−0.00016−0.00031 0.02230
+0.00014+0.00032
−0.00017−0.00030 0.02237
+0.00015+0.00030
−0.00015−0.00030 0.02235
+0.00015+0.00028
−0.00014−0.00029
100θMC 1.04039
+0.00033+0.00067
−0.00033−0.00063 1.04070
+0.00035+0.00067
−0.00035−0.00067 1.04078
+0.00030+0.00063
−0.00033−0.00057 1.04075
+0.00030+0.00059
−0.00029−0.00061
τ 0.081+0.019+0.033−0.017−0.035 0.091
+0.018+0.033
−0.018−0.035 0.098
+0.017+0.034
−0.017−0.033 0.097
+0.017+0.033
−0.017−0.032
ns 0.9727
+0.0046+0.0090
−0.0046−0.0092 0.9772
+0.0045+0.0100
−0.0054−0.0088 0.9794
+0.0042+0.0081
−0.0040−0.0080 0.9789
+0.0039+0.0082
−0.0041−0.0081
ln(1010As) 3.106
+0.037+0.066
−0.033−0.068 3.121
+0.034+0.070
−0.034−0.069 3.133
+0.032+0.065
−0.033−0.065 3.132
+0.033+0.065
−0.032−0.063
w0 < −1.45 < −1.08 −1.48+0.11+0.17−0.10−0.17 −1.355+0.049+0.084−0.044−0.085 −1.367+0.048+0.092−0.044−0.090
Ωm0 0.268
+0.038+0.13
−0.081−0.10 0.271
+0.014+0.029
−0.017−0.027 0.293
+0.008+0.017
−0.008−0.017 0.291
+0.009+0.018
−0.009−0.017
σ8 0.887
+0.094+0.13
−0.061−0.14 0.864
+0.029+0.051
−0.025−0.054 0.833
+0.017+0.034
−0.019−0.032 0.837
+0.016+0.036
−0.018−0.034
H0 74
+11+14
−7−15 72.2
+2.3+3.9
−2.1−3.9 69.2
+1.1+2.0
−1.0−1.9 69.5
+1.1+2.1
−1.1−2.2
TABLE IV: Summary of the 68% and 95% CL constraints on Model I of (9), namely wx(a) = w0 exp(a − 1), using various
combinations of the observational data sets. Ωm0 is the current value of Ωm = Ωb + Ωc, while H0 is in units of km s
−1Mpc−1.
Parameters CMB CMB+BAO CMB+BAO+JLA CMB+BAO+JLA+CC
Ωch
2 0.1198+0.0014+0.0031−0.0016−0.0030 0.1191
+0.0013+0.0025
−0.0012−0.0025 0.1187
+0.0012+0.0024
−0.0011−0.0022 0.1186
+0.0012+0.0023
−0.0012−0.0023
Ωbh
2 0.02220+0.00016+0.00031−0.00016−0.00031 0.02224
+0.00014+0.0003
−0.00016−0.00029 0.02226
+0.00014+0.00026
−0.00014−0.00027 0.02227
+0.00014+0.00029
−0.00015−0.00030
100θMC 1.04042
+0.00035+0.00068
−0.00035−0.00069 1.04054
+0.00034+0.00058
−0.00031−0.00062 1.04057
+0.00032+0.00059
−0.00030−0.00060 1.04062
+0.00034+0.00059
−0.00032−0.00062
τ 0.078+0.018+0.035−0.018−0.034 0.088
+0.019+0.031
−0.016−0.034 0.092
+0.017+0.033
−0.017−0.035 0.092
+0.018+0.034
−0.017−0.033
ns 0.9728
+0.0046+0.0094
−0.0047−0.0090 0.9752
+0.0042+0.0078
−0.0044−0.0078 0.9766
+0.0041+0.0081
−0.0041−0.0082 0.9769
+0.0043+0.0082
−0.0043−0.008
ln(1010As) 3.100
+0.035+0.068
−0.035−0.065 3.118
+0.036+0.060
−0.031−0.066 3.125
+0.033+0.064
−0.033−0.068 3.124
+0.034+0.066
−0.035−0.066
w0 −1.53+0.21−0.39 < −1.32 −1.196+0.057+0.11−0.055−0.11 −1.135+0.041+0.074−0.037−0.078 −1.130+0.039+0.073−0.038−0.073
Ωm0 0.225
+0.033+0.120
−0.074−0.093 0.284
+0.011+0.022
−0.012−0.022 0.297
+0.009+0.017
−0.009−0.017 0.298
+0.009+0.017
−0.009−0.017
σ8 0.95
+0.10+0.14
−0.07−0.16 0.853
+0.020+0.040
−0.021−0.040 0.836
+0.018+0.036
−0.018−0.038 0.833
+0.019+0.034
−0.017−0.034
H0 81
+12+18
−9−18 70.7
+1.4+2.9
−1.4−2.9 69.0
+1.0+2.0
−1.1−1.9 68.9
+0.9+1.9
−1.1−1.8
TABLE V: Summary of the 68% and 95% CL constraints on Model II of (10), namely wx(a) = w0a[1− log(a)], using various
combinations of the observational data sets. Ωm0 is the current value of Ωm = Ωb + Ωc, while H0 is in units of km s
−1Mpc−1.
Appendix: THE TABLES
In this Appendix we present all Tables that display the summary of the 68% and 95% CL constraints, using various
datasets, for all the one-parameters models investigated in the main text.
[1] S. Weinberg, The Cosmological Constant Problem, Rev. Mod. Phys. 61, 1 (1989).
[2] E. J. Copeland, M. Sami and S. Tsujikawa, Dynamics of dark energy, Int. J. Mod. Phys. D 15, 1753 (2006).
[3] Y. F. Cai, E. N. Saridakis, M. R. Setare and J. Q. Xia, Quintom Cosmology: Theoretical implications and observations,
Phys. Rept. 493, 1 (2010).
[4] S. Nojiri and S. D. Odintsov, Introduction to modified gravity and gravitational alternative for dark energy, eConf C
0602061, 06 (2006) [Int. J. Geom. Meth. Mod. Phys. 04, 115 (2007)].
[5] S. Capozziello and M. De Laurentis, Extended Theories of Gravity, Phys. Rept. 509, 167 (2011).
[6] Y. F. Cai, S. Capozziello, M. De Laurentis and E. N. Saridakis, “f(T) teleparallel gravity and cosmology, Rept. Prog. Phys.
79, no. 10, 106901 (2016).
[7] M. Chevallier and D. Polarski, Accelerating universes with scaling dark matter, Int. J. Mod. Phys. D 10, 213 (2001).
[8] E. V. Linder, Exploring the expansion history of the universe, Phys. Rev. Lett. 90, 091301 (2003).
[9] A. R. Cooray and D. Huterer, Gravitational lensing as a probe of quintessence, Astrophys. J. 513, L95 (1999).
13
Parameters CMB CMB+BAO CMB+BAO+JLA CMB+BAO+JLA+CC
Ωch
2 0.1198+0.0015+0.0029−0.0015−0.0028 0.1196
+0.0012+0.0023
−0.0012−0.0022 0.1190
+0.0011+0.0023
−0.0012−0.0022 0.1190
+0.0012+0.0024
−0.0013−0.0024
Ωbh
2 0.02220+0.00016+0.00031−0.00015−0.00031 0.02221
+0.00014+0.00027
−0.00014−0.00026 0.02223
+0.00014+0.00027
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+0.035+0.064
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−0.010−0.017 0.295
+0.008+0.016
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+0.017+0.037
−0.017−0.036 0.833
+0.018+0.033
−0.018−0.034
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−8−15 71.4
+1.4+3.0
−1.6−2.8 69.4
+1.0+2.0
−1.0−1.9 69.4
+0.9+1.9
−1.0−1.8
TABLE VI: Summary of the 68% and 95% CL constraints on Model III of (11), namely wx(a) = w0a exp(1− a), using various
combinations of the observational data sets. Ωm0 is the current value of Ωm = Ωb + Ωc, while H0 is in units of km s
−1Mpc−1.
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Ωch
2 0.1201+0.0015+0.0031−0.0015−0.0029 0.1199
+0.0012+0.0022
−0.0012−0.0022 0.1196
+0.0011+0.0022
−0.0011−0.0022 0.1194
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Ωbh
2 0.02217+0.00017+0.00030−0.00015−0.00031 0.02217
+0.00015+0.00029
−0.00015−0.00029 0.02218
+0.00014+0.00026
−0.00014−0.00029 0.02220
+0.00015+0.00028
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+0.00032+0.00057
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−0.0041−0.0079 0.9765
+0.0041+0.0077
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Parameters CMB CMB+BAO CMB+BAO+JLA CMB+BAO+JLA+CC
Ωch
2 0.1201+0.0016+0.0033−0.0016−0.0033 0.1196
+0.0012+0.0023
−0.0011−0.0023 0.1191
+0.0012+0.0023
−0.0012−0.0024 0.1191
+0.0011+0.0024
−0.0013−0.0023
Ωbh
2 0.02217+0.00017+0.00034−0.00017−0.00034 0.02219
+0.00014+0.00027
−0.00014−0.00029 0.02223
+0.00014+0.00027
−0.00014−0.00029 0.02223
+0.00014+0.00028
−0.00014−0.00027
100θMC 1.04037
+0.00035+0.00067
−0.00034−0.00069 1.04042
+0.00029+0.00060
−0.00030−0.00058 1.04046763
+0.00034+0.00058
−0.00028−0.00062 1.04053
+0.00031+0.00060
−0.00031−0.00059
τ 0.079+0.018+0.035−0.018−0.035 0.092
+0.018+0.035
−0.017−0.036 0.099
+0.017+0.037
−0.017−0.037 0.097
+0.017+0.034
−0.017−0.034
ns 0.9727
+0.0045+0.0090
−0.0046−0.0091 0.9749
+0.0041+0.0086
−0.0042−0.0080 0.9772
+0.0040+0.0087
−0.0046−0.0081 0.9766
+0.0040+0.0080
−0.0040−0.0079
ln(1010As) 3.103
+0.035+0.067
−0.035−0.068 3.125
+0.035+0.065
−0.034−0.070 3.136
+0.033+0.065
−0.033−0.073 3.134
+0.033+0.065
−0.033−0.065
w0 < −1.52 < −1.20 −1.308+0.063+0.12−0.074−0.12 −1.213+0.045+0.074−0.037−0.086 −1.213+0.033+0.062−0.032−0.062
Ωm0 0.215
+0.027+0.105
−0.064−0.080 0.273
+0.012+0.027
−0.015−0.025 0.293
+0.009+0.018
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